Ramanujan Primes and Bertrand's Postulate
Jonathan Sondow 1 . INTRODUCTION: BERTRAND'S POSTULATE. In a two-page paper [7; 8, pp. 208-209 ] published one year before his death in 1920 at the age of 32, the Indian mathematical genius Srinivasa Ramanujan wrote:
Landau in his Handbuch [4] , pp. 89-92, gives a proof of a theorem the truth of which was conjectured by Bertrand: namely that there is at least one prime p such that x p x < ≤ 2 , if x ≥ 1. Landau's proof is substantially the same as that given by Tschebyschef. The following is a much simpler one.
Ramanujan then ``uses simple properties of the Γ-function'' (P. Ribenboim [9, p. 188] ) to prove the theorem, which is known as Bertrand's postulate or Tschebyschef's theorem.
RAMANUJAN PRIMES. In [5, p. 178] W. J. LeVeque explains that the theorem is called Bertrand's ``postulate''
rather than ``conjecture'' because he took it as a working tool in his study of a problem in group theory. This must have seemed entirely safe, considering the actual density of primes in the tables. There is not merely one prime between 500,000 and l,000,000, say, there are 36,960 of them! This phenomenon is analyzed by Ramanujan at the end of his paper, where he proves the following extension of Bertrand's postulate. (I formulate it as a theorem and quote him.) 
Theorem 1 (Ramanujan

BOUNDS FOR R n .
The upper bound in the following result is much smaller than that derived from (1), and thus leads to a faster method of computing R n .
Theorem 2. The nth Ramanujan prime satisfies the inequalities
2 2 4 4 n n R n n n log log < < ( n ≥ 1).
Furthermore, if p n denotes the nth prime, then p
Proof. We have 2 2 2 4 4 1 log log < = < R . Now, by Rosser's Theorem [10] , which asserts that n n p n log < , it suffices to show that if n > 1, then p R n n n n 2 4 4 < < log .
To prove the first inequality, we first verify the cases n = 2 3 4 , , . If n ≥ 5, then in J. B. Rosser and L. Schoenfeld's [12] 
, which holds for x ≥ 11, we may take x p n = 1 2 2 , because p 10 29 22
− ( ) < , and hence p R n n 2 < . To prove the inequality R n n n < 4 4 log , we first check it when n < 4. For n ≥ 4, we use the lower bound [11] 
Notice that x x log is increasing for x e > . Now take x n n ≥ 2 4 log , and note that x > 20 5 . because n ≥ 4. (1)).
THE nTH RAMANUJAN PRIME IS ASYMPTOTIC TO THE 2nTH PRIME.
Using the Prime Number Theorem (PNT) [4, pp. 43-55; 5, pp. 4-6; 9, pp. 161-170], we improve the upper bound R n n n < 4 4 log by roughly a factor of 2, for n large. We also show that the lower bound p n 2 is the true order of R n .
Theorem 3.
For every ε > 0, there exists n n 0 0
Moreover, we have the asymptotic formula R p n ñ Proof. The PNT states that π ( )~log x x x as x → ∞. It follows, using log( )~log
From this we deduce that
for some n n 0 0 = ( ) ε . In particular, (2) holds, and R n n n n n~l og~log 2 2 2 as n → ∞ . The PNT implies p n n n~l og (see [4, Here is an unconditional result in the direction of Conjecture 1.
Proof. As π ( ) p n n 3 3 = , we need to prove that π 
we substitute 1 2 x for x. Noting that log log . From the inequality p k k k k < log( log ) (valid [11] for k ≥ 6) and Rosser's Theorem, we obtain p k p k k < log , and hence
Checking that π 1 2 3 2 p n n ( ) < also holds when n < 2181, the proof is complete. 149 151 = . If two primes are chosen at random, the probability that they are both Ramanujan is less than 1 2 1 2 1 4 × = . But apparently the probability increases if they are twin primes. The following observation will help to explain why the ratio should be greater than may be expected a priori.
Proposition 1. Let p and q p
= + 2 be twin primes greater than 5. Then
Proof. It is easy to see that ( , ) ( , ) p q k k = − + 6 1 6 1 , for some integer k > 1. Since 3k is not prime, (3) follows.
• Now if p and q are any two primes with p q < , a necessary condition for them to be twin Ramanujan primes is evidently that equality (3) , if x ≥ 8000.
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